
Assignment 1: Basic Proofs

Due: Jan 18, 2016

Instructions
Make sure to submit your homework on SINGLE-SIDED 8.5×11
INCH PAPER. Write your NAME ON EVERY PAGE and DO
NOT STAPLE OR FOLD the sheets.

In this and future homeworks, questions marked as optional will not be
used for quizzes or final exam questions.

The point of this homework is to give you practice proving basic facts in
arithmetic (ones that you all know), but only using the barest of assumptions
while doing so. This promotes economy of expression and forces you to be
very clear about the concepts involved.

Here are some common letters we use to represent number systems:

• N = {0, 1, 2, . . .} is the set of natural numbers. Notice that this set
includes zero.

• Z = {. . . ,−2,−1, 0, 1, 2, . . .} is the set of integers.

• Q = {a/b | a, b ∈ Z and b 6= 0} is the set of rational numbers.

• R is the set of real numbers.

We have N ⊆ Z ⊆ Q ⊆ R. Note that we include zero as the first natural
number. Other people start the natural numbers with one instead.

Definition 0.1. An integer m is even if m = 2k for some integer k; other-
wise, m is odd.

Definition 0.2. If T1, T2, . . . , Tk are trees, then we can form a new tree as
follows:
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1. Begin with a new node N , which is the root of the tree

2. Add copies of all the trees T1, T2, . . . , Tk

3. Add edges from node N to the roots of each of the trees T1, T2, . . . , Tk

N

T1 T2 Tk◦ ◦ ◦

Figure 1: Inductive construction of a tree

Exercises

1. Using just Definition 0.1 above and elementary facts about arithmetic,
prove directly that for integers a and b, if at least one of them is even,
then ab is even.

2. With the same assumptions as in the previous exercise, prove directly
that if a and b are even, then a + b and −a are even.

3. With the same assumptions as in the previous exercise, prove by con-
tradiction that if a is even and b is odd, then a + b is odd. That is,
assume that a is even and b is odd, but that a+ b is even; then derive
a contradiction. (The only fact you can use about a number being odd
is that it is not even. For example, don’t use the fact (not proven yet)
that any odd number is of the form 2k + 1 for some integer k.)

4. Now using the fact that all odd integers are of the form 2k + 1 where
k ∈ Z, prove directly that the sum of two odd integers is even.

5. Prove the following facts hold for all natural numbers n by using in-
duction.

•
n∑

i=1
i =

n(n + 1)

2

•
n∑

i=1
i3 = 1

4(n4 + 2n3 + n2) =
n2(n + 1)2
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6. What is the largest integer that cannot be expressed as a sum of 4’s
and 7’s? That is, find the largest integer n such that n 6= 4k + 7`
for any integers k, ` ≥ 0. Prove your answer. (Your proof should use
induction.)

7. The associative law (for real multiplication) states that, for any a, b, c ∈
R, we have (ab)c = a(bc). Using just this law (repeatedly), prove that
((ab)c)d = a(b(cd)) for any a, b, c, d ∈ R. To avoid ambiguity, you
should fully parenthesize all your expressions. A string of equalities is
a valid method of proof.
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